Abstract: The modified perfectly matched layer (PML) conductivity profiles are proposed to improve the stability of the alternating direction implicit (ADI) finite-difference time-domain (FDTD) method with a split-field PML absorber. The amplification matrix of this scheme is derived based on the Von Neumann method. From the stability analysis, it is found that this scheme is unstable at the PML interface and inside the PML regions. The instability of this scheme inside the PML regions can be improved with the modified PML conductivity profile. The theoretical results are validated by means of numerical simulations.
Introduction
The finite-difference time-domain (FDTD) method has been widely used to analyse the electromagnetic problems. Due to its explicit nature, the time step size is restricted by the Courant, Friedrichs and Lewy (CFL) stability condition. Recently, a stable alternating direction implicit (ADI) scheme was introduced for the FDTD method. The ADI-FDTD method is an attractive method because of its unconditional stability with large CFL number [1 -3] . To study about unbounded region problems, the split-field perfectly matched layer (PML) [4] was employed for the ADI-FDTD method [5, 6] . However, the implementation of split-field PML in the ADI-FDTD method can affect the stability of this scheme. In [7, 8] , from numerical simulation, it is found that the ADI-FDTD method with a splitfield PML led to late-time instability. In [7] , the authors indicated that the instability from the split-field PML equations can be prevented by using an unsplit form PML implementation. However, the split-field PML formulation is less complicated and more straightforward compared to an unsplit form PML implementation. Therefore a more stable PML implementation for ADI-FDTD method is highly desirable. In this paper, the theoretical stability analysis of the ADI-FDTD method with split-field PML is described through deriving the amplification matrix. The amplification matrix is derived using the actual updating equations of the field components. From the stability analysis, it is found that this scheme is unstable at the PML interface and inside the PML regions. The effect of the PML conductivity profile on the stability of this scheme is investigated. It is found that the instability of this scheme is due to the conductivities within the PML medium and the instability inside the PML regions can be improved significantly by using a modified PML conductivity profile. Numerical results of the 3-D ADI-FDTD method with splitfield PML are demonstrated to validate the theoretical results.
Theoretical amplification matrix
In this section, the amplification matrix of the ADI-FDTD method with split-field PML is derived. For simplicity, a 2-D TM ADI-FDTD is studied. In this scheme, the field components E zx , E zy , H x and H y for the first updating procedure can be written as
where
Since the electrical conductivity s and magnetic conductivity s Ã within the PML are usually scaled for small reflection, the PML parameters s and s Ã in (1) are position dependent. In this study, the amplification matrix is derived using the actual updating equations of field components to capture the effect of the PML conductivity profile.
Similarly, for the second updating procedure, the field components can be written as
We assume the spatial frequencies to be k x , k y and k zalong the x, y and z directions, respectively, and the field components in the spatial spectral domain can be written as
After substituting these equations into (1), we can obtain
Denote the field vector in the spatial spectral domain as
The time marching relation of field vector can be written in matrix form as
where We can apply the same procedure for the second updating equations.
where 
We combine the two half-time steps to one time step
It can be found that not only s For the stability analysis of this scheme, the eigenvalues of amplification matrix are evaluated. Due to the complexity of the amplification matrix L, it is difficult to obtain the simplified analytical expression for the eigenvalues. The eigenvalues are numerically calculated by Matlab. The stability matrix is a function of a discrete wavenumber. Since the stability must be independent of the angle of wave propagation, all angles must be considered. We find that the maximum eigenvalues occur when sin (k s Ds=2) ¼ 1, where s ¼ x, y, z. A 2-D computation domain that contains 42 Â 42 cells is studied. The cell size with Dx ¼ Dy ¼ 1.0 mm and FDTD time step limit Dt max ¼ 2.35 ps are used. Ten layers of PML are used in x and y direction. The parameters of PML are chosen the same as those in [5] . A polynomial scaling is used for the PML conductivity profile
where d is the thickness of PML absorber, Ds is the cell size, and s 0 represents the interface. In this simulation, we choose scaling factor m ¼ 4 and s max ¼ 10.61 S/m for optimum PML performance [5] .
To validate the proposed amplification matrix, the eigenvalues of amplification matrix are computed for free space condition s ¼ s Ã ¼ 0 and PML medium with uniform conductivity s ¼ s max . The time step size is 5Dt max . As shown in Table 1 , this scheme is stable under these conditions since all eigenvalues are smaller than unity.
The ADI-FDTD method with the conventional PML conductivity profile (9) is studied. Since the parameters s and s Ã within the PML are position dependent, the amplification matrix is also different for different PML coefficients. The eigenvalues of amplification matrix are computed for four PML coefficients, as shown in Fig. 1 . Position 1 is located at free space. The positions within the PML mediums are studied. Position 2 is located at the interface between the PML and free space where s Table 2 . For the numerical accuracy, different values are tested to ensure that round-off error does not affect the calculated eigenvalues. As shown in Table 2 , it is found that the maximum eigenvalue increases as the time step size increases. This scheme is unstable at Position 2 and Position 3 as the eigenvalues are larger than unity. In [7] , it has been described that the instability of the ADI-FDTD method with split-field PML was unavoidable. The eigenvalue of this scheme with time step size less than the CFL limit is also investigated. It can be seen that some eigenvalues are larger than unity at Position 2 and Position 3 when the time step size 0.9Dt max is used.
Modified conductivity profiles
The PML conductivity profile affects the stability of the ADI-FDTD method when a split-field PML is used. As shown in Table 2 , it is found that all the eigenvalues are smaller than unity at Position 4. We find that there are two conditions for this scheme to be stable inside the PML regions. The first condition is that the ratio of the successive magnetic conductivities in the PML should be small and the second condition is that the electrical and magnetic conductivities inside the PML regions should be large enough. Since the PML conductivity is increased from the PML interface to the PEC boundary, it is found that the ratio of the successive magnetic conductivities in the PML close to the PML interface should be smaller than 1.3 and that close to the PEC boundary should be smaller than 1.5 to avoid the instability. The effect of the conductivity profile on the stability of this scheme is investigated. Two modified conductivity profiles are studied. For the first modified conductivity profile, the s max ¼ 10.61 S/m and the ratio of the successive magnetic conductivities inside the PML regions are arranged as
¼ 1:3 (from 1st layer to 3rd layer)
¼ 1:4 (from 4th layer to 5th layer)
¼ 1:5 (from 6th layer to 10th layer) (10)
The increase of the PML conductivity of (10) is not polynomially scaled. Therefore the PML performance with the first modified PML conductivity profile (10) is significantly affected. A second modified PML conductivity profile with a constant scaling factor m is proposed. In this modified PML conductivity profile, the successive PML conductivity is scaled using the polynomial function (9) with s max ¼ 21.22 S/m and m ¼ 2.
The corresponding normal reflection coefficient R(0) of (11) is 6.8 Â 10
224
, which is much smaller than the conventional value. The comparisons between the conventional PML conductivity profile (9), the first modified conductivity profile (10) and the second modified conductivity profile (11) are shown in Fig. 2 .
The same 2-D computation domain is studied. The time step is 5Dt max . The calculated eigenvalues of this scheme with different conductivity profiles at different positions are shown in Table 3 . First, the PML medium with a uniform conductivity s ¼ 10.61 is studied. It is found that this scheme can be stable inside the PML regions. However, the maximum eigenvalue at the (21, 10) is larger than unity. The instability of this scheme at the PML interface is unavoidable. Although the instability inside the PML regions can be improved, this scheme suffers from larger reflection errors since the conductivity is not increased from the PML interface to the PEC boundary. The conventional conductivity profile (9) for optimum PML performance is studied. As shown in Table 3 , this scheme is unstable from position (21, 10) to position (21, 3) and is stable from position (21, 2) with the conventional conductivity profile. This is because the ratio of the successive magnetic conductivities in the PML layers is less than 1.5 only at the regions close to the PEC boundary. The ADI-FDTD method with the modified PML conductivity profile is studied. For the first modified conductivity profile (10), it is found that all the eigenvalues of this scheme are smaller than unity from position (21, 9) to position (21, 1), which means this scheme is stable inside the PML region. For the second modified conductivity profile (11), the ratio of the successive magnetic conductivities in the PML is smaller than 1.5 from position (21, 6) to position (21, 1). As shown in Table 3 , the calculated eigenvalues of this scheme with the second modified conductivity profile is stable in these positions. Compared to the conventional conductivity profile, the instability inside the PML region can also be improved significantly with the second modified conductivity profile.
The PML performances of this scheme with the modified conductivity profiles are studied. A differentiated Gaussian pulse is launched for the H component. The source excitation is located at (21, 21) and the observation position is located ten cells away from the excitation and close to the PML interface. Fig. 3a and 3b , the results are compared to the PML scheme with the conventional PML conductivity profile. For the first modified PML conductivity profile (10), it is found that the PML performance deteriorates at about 22 and 16 dB for TM and TE waves, respectively. For the second modified conductivity profile (11), the maximum reflection error is reduced to 12 and 1.8 dB for TM and TE waves, respectively. The PML performance of the ADI-FDTD with the second modified PML conductivity profile is better than with that of the first modified PML conductivity profile, as shown in Fig. 3 . Although the PML performance of first modified PML conductivity profile can be improved by increasing the PML thickness, the corresponding conductivity becomes small and the instability of this scheme also increases. From Table 3 , it is found that the ADI-FDTD scheme with the first modified PML conductivity profile is unstable in the vacuum -PML regions. The worse PML performance of the first modified PML conductivity profile makes this scheme more unstable since the reflection wave from the boundary is amplified in the unstable vacuum -PML regions.
As shown in Table 3 , the instability of the ADI-FDTD with PML can also be improved if the second modified PML conductivity profile is employed and the PML performance can still be maintained. The first modified conductivity can be viewed as a guideline for the design of the stable split-field PML. By considering the PML performance and the stability of this scheme, the second modified PML profile (11) is more suitable for the ADI-FDTD simulation.
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Numerical simulation
In Section 2, the theoretical amplification matrix is derived based on the Von Neumann method. The Von Neumann method assumes that the wave propagates in an unbounded region. If the calculated eigenvalues of ADI-FDTD with split-field PML are larger than unity, it means that the electromagnetic field is unstable in the homogenous region with these PML coefficients. Since the ADI scheme is unstable with these PML coefficients, the ADI-FDTD with PML implementation would also become unstable. A method to validate the instability of the ADI-FDTD with PML implementation is to calculate the amplification matrix of the total computational domain. However, the amplification matrix of the total computational domain is very complicated and is not suitable for other problems. A simple way to analyse the stability of the total computational domain can be accomplished by numerical simulations. In this section, the numerical tests of the ADI-FDTD method with split-field PML are performed. From the stability analysis, it is found that the ADI-FDTD method with splitfield PML is unstable at the vacuum -PML interface and inside the PML regions. For a 2-D case, the eigenvalue is small and it requires a large number of time steps to make the field components unstable. Numerical simulation is After considering the PML performance, this scheme with the second modified PML conductivity profile (11) is studied. Fig. 5 shows the simulated time-domain H x fields. No instability is observed after running 15 000 time steps. Although there are several eigenvalues larger than unity and the PML performance is affected by the second modified conductivity profile, it is found that the stability of this scheme can be significantly improved.
Conclusion
In this work, the stability analysis of the ADI-FDTD method with split-field PML mediums is studied. It is found that this scheme is unstable at the vacuum -PML interface and inside the PML regions. The instability of this scheme inside the PML regions can be improved by using the modified conductivity profile. The theoretical results are validated by numerical simulations. 
